the last few years. Most of the areas of interest are related to microchannels, micropumps, and micronozzles, with their subsequent application to propulsion devices, chemical and pressure sensors, and laminar flow control (Ref.
[l] provides a comprehensive review of the field). A channel with constrictions and contraction/expansion transitions is an important geometry that is a common integral part of many micromechanical devices. The goal of this work is the numerical modeling of flows in microchannels aimed at studying the impact of constrictions in microchannels on the mass flux and pressure losses in nonreacting, subsonic flows.
The study of flows through microchannels with constrictions has been discussed by a number of researchers. Karniadakis and Beskok [2] studied the flows over a backwards facing step, through a grooved channel, and into a cavity. Zohar and coworkers [3] - [4] measured pressure and mass flow rates through microchannel devices with contraction and expansion sections as well as constrictions. Beskok et a451 discussed the rarefaction and compressibility effects in microflows emphasizing that both need to be considered if one is to correctly model the physics of micro flows. Although the ~pccific Ludiljul;Itiu11> of iLc u i i C 1 ~~C~LLIHIPI dm-ircs differ among these researchers, [2] [3] [4] [5] the flows share common features in that they were subsonic, of relatively low Reynolds number, and have a Knudsen number in the slip-flow regime (typically between 0.01 and 0.5). It was recognized that due to the finite Knudsen number, the flow field macroparameters, such as, pressure, temperature, and mass flow rate, could not be calculated with the standard continuum, Navier-Stokes formalism. In terms of kinetic approaches, analytic formulas for the free molecular regime are not generally applicable either. However, the Navier-Stokes equations may be used with reasonable accuracy if the surface velocity-slip conditions are appropriately modified.
Direct Simulation Monte Carlo (DSMC) method is rigorous because the gas-surface interaction is modeled without approximation. For this reason, DSMC calculations were performed(21 for selected microchannel configurations, but the primary emphasis of these calculations was to validate slipflow correction models rather than to use DSMC as a simulation tool to study the physics of the flow. Finally, the analytic expressions of Arkilic et a4171 for mass flow rate and prorwre that include rarefaction effects such as velocity and temperature jump conditions at the gas-wall boundary and compressibility effects were used to interpret full numerical simulations as well experimental data. [3] [4] [5] [6] [7] The emphasis on predicting mass flow rate and pressure through microchannel systems is to establish a design criteria similar to that of macro devices. In macro systems the total head loss for a system of components with straight and bended or branching portions is well established in terms of tabulated major and minor losses. A concern exists in the design of microdevices that if the flow physics is not entirely understood, it may be difficult to predict whether a specific configuration (composed of straight sections coupled to sections containing constrictions) is optimized from the point of view of minimizing pressure losses. Based on the macrosystem analog, flow separation in microsystem flows containing constriction or bend components could potentially cause large mass flow or pressure losses. [4] Hence, more detailed knowledge about the microflow in terms of accurate velocity fields that illustrate the occurrence of flow separation and the formation and structure of recirculation zones is crucial.
To that end, researchers have tried to elucidate the nature of flow separation and recirculation that can occur in low Reynolds number, subsonic to transonic flows in microdevices. The flow separation is understood to be steady and due, in some nature, to the need for the flow to turn to accommodate a sharp corner ("geOmetric")[4, 2, 81. During this process an adverse pressure gradient can develop, creating a flow condition that may precede separation. However, it was also noted that for such low Reynolds numbers the flow should exhibit ideal, Hele-Shaw type, features with no flow separation even from sharp corners.
[lO] Simulation predicted flow separation in shear-driven, grooved microchannels, [5] and a backwards step [8] even for low Reynolds numbers, but direct experimental evidence with particle velocity imaging techniques was ambiguous. Hence it has been difficult to sort out the effects of rarefaction and compressibility factors that may lead to flow separation and the dcgrce of flow recirculation. An important reason for performing DSMC calculations is that the gas-surface interaction may be exactly specified and controlled to allow one to assess the impact of rarefaction on recirculation. It will be shown in the DSMC calculations of this work that for subsonic flows, recirculation will occur due to classical boundary layer arguments.
A series of investigations were undertaken to assess "minor" losses in microflows through nonparallel plate channel configurations. [3] [4] [5] [6] [7] The work of Zohar and coworkers [3] [4] [5] [6] [7] combined MEMS microchannel component fabrication with measurements of not only mass flow rate, but pressure as well. These two simultaneous measurements provide the modeler with important, redundant data that allows one to check for consistency.
In particular it was found that in constriction microchannels, the pressure drop just downstream of the constriction decreased to a level much larger than predicted values. [4] The authors, however, were not able to reconcile the large pressure drop with classical flow physics and an explanation for the discrepancy is not provided. It will be shown in this work that the existence of flow separation and the measured pressure drops are consistent. A simple model will be proposed to analyze the pressure distributions for a microchannel with constrictions and its accuracy will be assessed by comparison with exact DSMC simulations.
DSMC Method
The DSMC method [ll] has been applied in this work to obtain numerical solutions for low Reynolds number microchannel flows. The DSMC method is a numerical approach that is feasible for solving the Boltzmann equation in the near continuum to free molecular flow regimes. The DSMC-based software SMILE [12] is used for all computations. The code uses the majorant frequency scheme [13] of the DSMC method for modeling of collisional process. The intermolecular potential is assumed to be the variable soft sphere model [14] . Although, vibrational and rotational energy exchange does not play a significant role at the conditions of interest here, the Larsen-Borgnakke model[l5] with temperaturedependent 2, and 2, and discrete rotational and vibrational energies is used for the energy exchange between the translational and internal modes.
The more important physical mechanism in the low-speed microchannel flows is the gas-surface interaction. The Maxwell model is used here to model the momentum and heat transfm to the wall. The model assumes that a fraction (1 -ad) of incident particles is reflected specularly while the remaining fraction ffd experiences a diffuse reflection on the wall. The diffuse reflection implies that the particle translational and internal energies are distributed according to the Maxwell-Boltzmann distribution regulated by the energy accommodation coefficient ( Y E . The parameter ffd is the tangential momentum accommodation coefficient where P, is the tangential momentum and the subscripts i and T refer to the incident and reflected particles, respectively. The energy accommodation coefficient QE is where E, is the energy that the reflected molecule would acquire if there was a thermal equilibrium between the wall and the gas. The full accommodation of tangential momentum, (Yd = 1, and energy, CYE = 1, was assumed with the constant wall temperature of 300 K.
Subsonic Inlet and Outlet
Boundary Conditions
Implementation
The numerical simulation of a subsonic flow in a pressuredriven microchannel requires a special treatment of the inlet and outlet boundary conditions. If the flow is in the subsonic regime then the onedimensional characteristic theory dictates that there will be two incoming characteristic lines along which information propagates at the inlet and one incoming characteristic line at the outlet. Therefore, only two flow parameters out of three (pressure, temperature and velocity) can be freely specified at the inlet and only one at the outlet. On the other hand, in the DSMC method all three flow parameters must be specified for incoming molecules at the domain boundaries, i.e. density, temperature and velocity. In this case, boundary conditions have to use flow properties in the interior flow domain. The implementation of subsonic inlet and outlet boundary conditions for various computational fluid dynamics (CFD) methods has been intensively studied in the past.
[l6]. The DSMC method has only been relatively recently applied for such fluw & i i~l a t i u~~& tl MI require i~li iiiiplicit subsonic boundary conditions treatment. For an inflow boundary, the most common approach is to determine streamwise velocity from the information in the interior flow domain. This was first applied by Ikegawa and Kobayashi[lS] when the streamwise velocity at the inlet was computed based on total particle flux in the computational domain. Nance et al employed the particle conservation at each cell to determine the unknown streamwise velocity at the exit. Finally, several workers[l8, 201 have implemented and tested a simpler approach when the unknown velocity at the inlet has been determined by extrapolation from the cell adjacent to the boundary. This treatment of inlet boundary has been adapted in the present DSMC simulations.
At the microchannel outlet the only known flow property is pressure. Therefore, temperature and velocity have to be determined from the information in the interior flow domain. A onedimensional characteristic theory can be applied in the following way. For a backward-running wave:
where a is the speed of sound, a2 = $. Applying the definition of the speed of sound in a finite difference form to a boundary cell, one obtains:
Pe -Pint 4 n t Pe = Pint + thus, temperature at the outlet can be found from ideal gas law. From Eq. 1:
The above equations for determining temperature and velocity at the subsonic outlet given a pressure value are called Whitfield's characteristic formulation.
[l6] In the present implementation, the Whitfield characteristic formulation was used in the cell subject to condition that the pressure in the cell is larger than the specified outlet pressure. Otherwise, extrapolation of velocity and temperature has been applied. The inlet and outlet conditions used in DSMC are updated based on the above procedure every 20,000 time steps to avoid statistical scatter in the flow macroparameters in the interior cells.
Validation
To validate the implementation of the subsonic boundary conditions in the DSMC method, a test case of nitrogen flow in a straight microchannel has been calculated and cumpiucd with the analytic approximate solution[l7]. The microchannel aspect ratio is 30 and Knudsen number based on the outlet conditions is 0.05. The pressure ratio between inlet and outlet is 2.47. The inlet temperature of the gas is 300 K which corresponds to a value of the viscosity coefficient of 1.77 x kglm s based on the hard-sphere model with a viscositytemperature exponent of 0.24 and molecular diameter of 4.17 x m. The large aspect-ratio microchannel is in the slip-flow regime and the analytic approximate solution for such flow was obtained by Arkilic et a2 [17] .
Application of a numerical method to solve practical problems requires a reliable way to estimate the accuracy of the solution. The DSMC numerical solution depends on three parameters: the cell size Ax, time step At, and the number of particles N A in a volume with linear size equal to the local mean free path. [23] In the DSMC algorithm, the cell size has to be less than the local mean free path and the time step should be less than the average time between collisions. However, a more strict requirement is that the number of simulated particles has to be large enough to make the statistical correlations between particles insignificant.
The principal objective of the validation study presented below was to examine the sensitivity of the results to the above numerical parameters of the DSMC simulation and to compare the computed flow parameters with the analytic predictions.
The calculations with different time steps showed that the results do not change when At is decreased from 5 x s to 1 x s. The time step of 3 x s was chosen for all calculations presented hereafter. The cell size was found to have a larger impact on the DSMC solution. The influence of the number of cells on the streamwise velocity profile along the axis is shown in Fig. 1 for 1.6 million par- ticles. There is a difference of about 10% when the number of cells is changed from 50,000 to 100,000. The solution does not change when the number of cells is further increased to 200,000. Note that the pressure distribution is practically unaffected by the number of cells. As shown in Fig. 2 the maximum pressure difference amounts to less than 1%.
The most important parameter for the accuracy of the DSMC method is the number of simulated molecules. In the present validation study, the number of simulated molc-rubs hm h w n \-wid frnrn 0.2 million to 12.8 million. Similar to the influence of the number of cells, the pressure distribution is insensitive to the variation of the number of molecules. The maximum difference between the results for 0.2 million and 12.8 million was less than 2%. The most sensitive parameter to the number of molecules is the streamwise velocity. Figure 3 shows that the streamwise velocity changes when the number of molecules is less than 3.2 million. The difference between the solution for 0.2 million and 3.2 million is over 20%.
The main reason for the strong dependence of the solution on the number of particles is related to the correlations between simulated particles. Such correlations always exist in the system of a finite number of particles used in DSMC modeling [22] .
The magnitude of these correlations depends on the total number of simulated molecules in the system, and generally decreases when the number of molecules increases. It is necessary to estimate the level of statistical dependence between the simulated particles and its contribution to the results of DSMC computation. A significant level of statistical dependence, or particle correlations, means that the molecular chaos hypothesis, used in the Boltzmann equation, is no longer valid.
An important criterion that allows for a practical verification of the presence of the statistical dependence between simulated particles is the relative number of repeated collisions [23] . Repeated collisions are collisions between the same pair of particles during their lifetime in the computational domain. The lifetime of a molecule in DSMC modeling is determined by the time the molecule was introduced into the computational domain or reflected from a diffuse wall and the time it left the domain or collided with a diffuse wall. The number of repeated collisions was calculated by checking if the current collision partner of a marked particle coincides to one of the last four of its collision partners.
The number of repeated collisions is closely related to the number of particles N A in a volume with the linear size equal to the local mean free The flow under consideration is characterized by low average velocities and, as a result, relatively large particle lifetimes. The number of repeated collisions may therefore be larger than that in a typical supersonic flow with same N A . The results prrwnted in Table 1 for the test validation case dis-P I I S W~~ nbrme show thc averilgp number of repudted collisions for various numbers of molecules and cells. From the comparison with Figs. 1-3 , it can be seen that the number of repeated collisions in this flow has to be less then 5% for the results to be accurate within 2%.
Finally, the calculated DSMC macroparameters are compared to the analytic solution for a straight microchannel flow[l7]. The total number of cells in the DSMC calculation was 200,000 with about 12.8 million simulated particles. The pressure distribution along the channel is given in Fig. 4 . The difference between the two solutions does not exceed 1%. The comparison of DSMC computed and analytic contours of X-component of velocity are plotted in Fig. 5 and also shows excellent agreement. All the calculations presented in the following sections were performed with the same N A = 256. 
Microchannels with Constriction: Theory
To obtain the distribution of the flow parameters in a microchannel with constriction in the form of a long microchannel (or a transition section of another shape), one can consider it as three different flow sections. The first one is a straight microchanne1 flow upstream of the constriction, the second one is the flow in the transition section, and, finally the straight microchannel flow downstream of the constriction.
For the flow in a microchannel with constriction, the known parameters are inlet and outlet prsssures, viscosity coefficient and Knudsen number at the exit as well as geometrical shape of the three sections. A schematic of a microchannel with constriction and notations used here are given in Fig. 6 . The prrssurr don-nstitl-ram and upytrrarn of tho mnstriction are unknowns. We will denote them p l and pz (see Fig. 6 ). The flow quantity that has to be conserved in all three sections is the mass flow. The mass flow conservation yields a system of three non-linear algebraic equations for the unknown mass flow, m*, and two unknown pressures, pl and p2. The mass flow in a dimensional form for a high-aspect ratio straight microchannel for a given pressure ratio is equal to[ 171:
Applving the mass flow formula for each section, we get the system: where Knl = KnOutp,,,t/p~ is the Knudsen number at the location just upstream of the constriction. Similarly, Knz = Knoutpout/pzH~/H~ is the Knudsen number downstream of the constriction based on the constriction height.
Thn non-linear algebraic system can be solved by an optimization method. The lullst squiuc m u h d was t l s d nnd itwaitions wwe rarried oat until the agreement for mass flow up to fifth significant digit was reached. 
Pressure Losses
Let us first consider Case 1 which corresponds to the same total pressure loss as in the case of a straight microchannel that was used for validation of the boundary conditions. The presence of the constriction significantly changes the pressure distribution inside the channel. The pressure distribution along X-axis is plotted in (5)- (7) for Case 3 and 4. The maximum difference is immediately downstream of the constriction but still is within 3% of the computed value. The pressure loss at the constriction section is about 60 % of the total pressure loss and, therefore, can not be considered a "minor" loss. Figure 9 shows the comparison of theoretical and simulated DSMC pressure distributions along the X-axis for the other cases given in Table 3 . In all three cases, pressure values are in excellent agreement. Therefore, the flow in a microchannel with a constriction of finite length can be considered as three different microchannels fluws and SJSCCJJI (5)-(7) c311 be uscd to calculatcd the pressure loss in the constriction section.
Flow Structure
Let us now consider the flow structure near the constriction section as predicted by the DSMC simulations. Figure 11 shows the pressure contours near the constriction section. There is a small adverse pressure gradient at the corners downstream and upstream of the constriction. The pressure isolines are normal to X-axis everywhere in the flow except the inlet and outlet of the constriction section where the isolines have a nearly circular shape as the flow becomes fully developed. Overall, the flow structure in the microchannel with constriction of a finite length is very well approximated by three different channel flows.
The streamlines and contours of X-component of velocity are shown in Fig. 10 for Case l. Far from the A similar flow structure is observed in the other computed cases. The streamlines and X-component of velocity is plotted in Figs. 12-14 for Cases 2-4. In Cases 2-4 the size of the separation zone upstream of the constriction is less than in Case 2 due to a much lower velocity.
The flow separation observed in the four cases may be understood in terms of standard boundary layer theory. To illustrate this, Case 1 was re-run assuming a fully specular gas-surface interaction for the upstream channel. Although such a situation is physically unrealistic for microchannel flows, the simulation corresponds to one of ideal flow. In this case, no flow separation is observed and the streamlines follow the corner boundaries. Hence in the real transitional subsonic microchanne1 flow, recirculation will occur even for low Reynolds numbers.
Mass Flow Losses
The mass flow of in a microchannel for a specific inlet to outlet pwssure ratio is an important char;dxristic for design of micro-devices. The mass flow of a microchannel with constriction can be significantly smaller compared to that of a straight microchannel, mu,, for the same pressure ratio. A monotonic decreases of the mass flow with the decreasing constriction-gap width has been observed experimentally [4] .
Theoretical and calculated mass flow of a constriction microchannel divided by that of a corresponding straight microchannel is listed in Table 4 for Cases 1-4. Both theoretical and calculated mass flow in a constriction microchannel indicate very large mass flow losses compared to straight microchannel.
The results of the calculation agree within a few per cent with the theoretical prediction for Cases 1, 2, and 4. The maximum difference (18%) between theory and DSMC is in Case 3, where the flow Knudsen number at the outlet is 0.1 and therefore, the slip flow approximation used in Eq. 5-7, may no longer be accurate. 
Conclusions
The subsonic gas flow through a microchannel with a finite-length constriction is studied with the goal of predicting the significant pressure and mass flow rate losses observed in earlier experimental studieh. An analytic mod4 is proposed that iillows one to predict the pressure and mass flow losses due to the constriction. The model is validated by comparison with the numerical results obtained using the direct simulation Monte Carlo method. The agreement between the predicted analytic and DSMC solutions is found to be very good with the maximum difference smaller than a few percent. The analysis of the sensitivity of the DSMC results to numerical parameters WA also conducted, aud the I a q c impact of correlations between simulated particles in the low-speed flows under consideration was shown. The DSMC results indicate that the flow in the microchanne1 with constriction separates in the transition section similarly to a flow around forward and rear-ward steps.
However, the separation region does not significantly impact the pressure distribution along the channel.
The pressure loss in the transition section is as large as 60% and, therefore, cannot be considered a minor loss. The mass flow rate ratio between the constriction and straight channel varies from 15 to 40% for the considered cases. Therefore, the constriction has a dramatic effect on the major system design parameters for a pressure-driven microchannel flow. 
